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The method of matching outer  and inner asymptotic  expansions is applied to the singular 
problem of laminar  flow between sublimating disks at la rge  injection Reynolds numbers.  

Se l f - s imi la r  solutions of the problem of flows of incompress ible  fluid in a plane channel with porous walls 
and uniform symmet r i c  injection or  suction were considered in [1-3]. Se l f - s imi la r  solutions to the problem of 
flows between paral le l  disks sublimating at equal rate into the gap were obtained by Samsonov et al. [4], who 
also found the asymptot ic  form of these solutions for small  injection Reynolds numbers R and predicted the 
limiting form of the solution for symmet r i c  injection at R = ~. 

In the present  paper we consider  the asymptot ic  form of the solution of the problem of vapor flows between 
disks sublimating into the gap at equal ra tes  j ,  and Jr*, corresponding to large R and R t. 

We assume that the relat ive change in vapor  density p,  at distances commensurable  with the disk radius 
r0, (which is the linear scale of flows in the plane of s y m m e t r y  of the gap) is negligibly smal l  and, hence, the 
approximation of an incompress ib le  fluid is permiss ib le .  

The equations of motion and continuity reduced to dimensionless form and the boundary conditions have 
the form 
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As length and velocity scales  we use half the distance between the disks h ,  and the vapor  velocity j , / p ,  on the 
sur face  of the lower disk (z, = - h , ) .  The ratio of the sublimation ra tes  is charac te r ized  by the pa rame te r  Z = 

Jl*/J*. 

We can assume that the boundary conditions over  the gap contour are uniform and the dimensionless disk 
radius r 0 >>1. In view of this,  we considered that we could adopt the asymptotic approach corresponding to the 
t rea tment  of a model problem for disks of infinite radius (r 0 ~ co), i.e., re ject  investigation of the flow details 
in the region of the boundary layer  formed in the vicinity of the cylindrical  surface  r = r 0. We can then use the 
s e l f - s imi l a r  solution found in [4] for the considered problem 

1 dw 
= w ( z ) ;  v = - - - -  r -  ( 4 )  

2 dz 

Function w(z) satisfied the equation 

and the boundary conditions 

1 d4w dew 
- w - -  (5 )  

R dz 4 dz a 

w (o)  = 1, ~ '  (o )  = o ,  w (2)  = z ,  a '  (2)  = o .  (6) 
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At l a r g e  R Eq. (5) is s ingu la r ly  pe r tu rbed .  The solut ion of the sho r t ened  equat ion c o r r e s p o n d i n g  to it 

ww'" = 0 (7) 

in c o r r e s p o n d e n c e  with the t e r m i n o l o g y  used in [5] is s table  to the left on the left of  the  inflow plane [i .e. ,  at 
z < z0, w(z ~ = 0) and s tab le  to the  r igh t  on the r igh t  of this plane.  Hence,  the boundary  l aye r ,  within which 
v i scous  d i s s ipa t ion  effects  appea r  and the re  is a sha rp  change in the funct ion w" c h a r a c t e r i z i n g  the s lope of 
the  cu rve  of  the r ad ia l  componen t  of  the ve loc i ty  v, in the cons ide red  flow r e g i m e s  is s i tua ted  in the  v ic in i ty  of  
the inflow plane:  z = z ~ When )/= O(1) the th ickness  of this  l a y e r  is of the o r d e r  ~ = IRt-1/2. I n v i e w o f t h i s ,  we 
use  the di latat ion t r a n s f o r m a t i o n  g= (z - z~ at the point z = z ~ and the p r o b l e m  is solved by ma tch ing  two 
ou te r  and one inner  a sympto t i c  so lu t ions  [6]. 

The inner  a sympto t i c  expans ion  is c o n s t r u c t e d  in the f o r m  
w(z ,  0 = eW~(~) + e2W2(~) ~ . . . . .  (8) 

The ou te r  a s y m p t o t i c  expans ions  for  the reg ion  0 <- z < z ~ and z ~ < z -< 2 a r e  acco rd ing ly  sought  in the  f o r m  

(z, e) = W~o (z) + ~:v,~ (z) + e2~v,2 (e) + . . . ,  

~) (Z, E) =- ~'20 (Z) ~-  EW21 (Z) -T- E2~.'22 (Z) 7-  . . . .  (9) 

The  coo rd ina t e  z ~ of the inflow plane is a l so  sought  in the f o r m  of an expans ion  of  powers  of  the sma l l  p a r a m -  
e t e r  

z o = z o + ~z0 + ~2zo .~ . . . . .  (10)  

In the shor t ened  Eq. (7) t h e r e  is d e g e n e r a c y  due to annulment  of the th i rd  der iva t ive .  Hence,  the t e r m s  
of the ou te r  a sympto t i c  expans ions  sa t i s fy ing  boundary  condi t ions  (6) can be wr i t t en  i m m e d i a t e l y  in the fol lowing 
f o r m :  

(z + 1) z (z + 1)2 
w~0 = c,0 - -  + 1; :z,~ : : :  C l k  �9 

2 2 

(Z - - "  1) 2 ( Z -  1) z (11) 
[0220 : C.20 ~; 55'%,~ : :  C2k " 

? 2 

To d e t e r m i n e  the unknown coef f ic ien ts  Cjk and the  cons tan t s  of in tegra t ion  of  the equat ions  c o r r e s p o n d i n g  
to t e r m s  of the inner  a s y m p t o t i c  expans ion  (8), we use  the ma tch ing  condi t ions  in the v ic in i ty  of the inflow plane 
Z ---- ZO: 
on the left 

[eW~ ( U  + ~2W2 (~) + e3W3 (0 J, . . . .  ]~_~  ~ t - '  

(1 +zo~ 2 ~r z~) (z~)~ ~21 2 + e ( l = z O ) ( z O + O +  ( 1 +  z ~  : -  

and on the  r igh t  

' -  e 3 [ ( l  + z o) z o -:-, z,z2o o z%]  -! . . . .  } (C,o + ec, ,  + �9 �9 .)  
] 

[~W 1 (~) ~ e2J~/2 (~) ~- EgW3 (~) 4 . . . .  ]s~ ~ ~ ~ --" ~ ~ '  

(' - # [ E ] _ z0) z2 (z?)" 2 e ( 1 - - z ~  2 (1 o o 2 Zl~ 2 1 -  

- -  ~3 [(1 - -  z~)~ z~~ __ZlZ..,o o - -  zeal - _ .  �9 �9 �9 ] (C~o-~ e c , , t - : - ' ' ' ) .  

F r o m  the T a y l o r  expans ion  of  the funct ion w(z, e) in the v ic in i ty  of  z = z  ~ 

w (z, s) = ~ ' ( z  ~ e) (z - -  Zo) + :~" (z ~ ~) ( z - -  z~ ~ , . . .  
2 

and the a s y m p t o t i c  expans ion  

it follows that  

w '  (z ~ ~) = - -  bo - -  s b ,  - -  ,2b 2 . . . .  

W 1 . . . . . .  bo~. 

(12) 

(13) 

(14) 

Thus ,  subs t i tu t ion  of (8) in (5) g ives  

d'lW2 -~ bo~ dsW2 - O. 
d~ * d~ 3 
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Here 

The solution of the las t  equation sa t is fying the condition W2(0)= 0 has the f o r m  

~z 1 ~ (__ b o 

x 2 

0 (x) = .f e -  ~ I dx~ . 
0 

By subst i tut ing express ions  (14) and (15) in the matching conditions (12) and (13) and equating coeff icients  
of equal powers  of a we find the coeff icients  

• • • (3 - -  X) 
% = - - ~ - ;  % = ~ - ~ ; c . = 0 ;  c2~--o;% 8zl /U ; 

c2z _.•  A , -  M(1--%) . 
8X a 1/.~ ' - 4X ' 

B,., :: - -  • z~-- 1--7. ; zl0=0; z,. ~ i - - k  ; 
• 2Zi a 

• " 2• 
b~215 b t -  4X i ~ - ;  •  1. 

The leading t e r m s  of the inner asympto t ic  expansion (8) sa t i s fy  equations of the f o r m  (k> 3) 

d 4 W~ d3 Wk ~~k - 1 d3 ~<-i 

] = 2  

The solutions of t he se  equations could be found sueces s ive ly  in the f o r m  of quadra tu res .  With i nc rea se  
in k, however ,  the r ight-hand side of the equation becomes  a v e r y  unwieldy combinat ion of exponential  functions 
and functions of the type ~n(fl~). Hence, we de t e rmine  only Wa; i .e . ,  we seek  the solution, sat isfying the condi-  
t ion Wa(0) = 0, of the equation 

+ ~: - 1/ exp ~ "< 
l 

The cor responding  solution has the f o r m  

• ! 1 l - - x  

16 U ( 2 • 
[ ,  , V -< (i oxp( ,. )) 

7 1 

3 V 7  ) . 2 ]/-7 -} 2 ]/ 'a• 

1, : 

~2 B~ / " 7 -  r-s x 

F r o m  the matching conditions (12) and (13) we find the coeff icients  

• /"~- ' 2 l ) • 
Aa--0; Ba=--16---~--]// - K ( ~ - +  3 - - ~  ; b ,  2Zl/.~ 

I - - Z +  l ~ • " cla---- X 
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[._~_~ ~-2" (I X) 2 I VZ-2- 3 1 + 3 v l . ] .  
• ] /  ~ • ~ 6 ; ' 2  n 4 ' 

1 / T  1 ~ 1F~-z 
6--~ 

Using  the inner  a sympto t i c  expans ion  (8), we can,  by de t e rmin ing  the f i r s t  t h r e e  de r iva t i ve s  o f  the func-  
t ion  w at the point z = z ~ r educe  the cons ide red  two-po in t  b o u n d a r y - v a l u e  p r o b l e m  to two Cauchy p r o b l e m s  for  
Eq. (5) and the equat ion 

1 d4u 
R dy ~ 

obtained f r o m  (5) by the t r a n s f o r m a t i o n  y = - z ,  u = w. 

The ini t ial  condi t ions  of the  f i r s t  p r o b l e m  a r e  

w(z ~  w'(z ~  •  

83/2 
u - -  , (17)  

dt.t.V 3 

4z 

3 + 
~2 

w"(z ~  %) 4X 1/'R 48# [/ - ~ - 0  ; 

zO = 1 - - Z  1 1 Z 1 I Z -r O(P,~z). 
1 • x, R. 2 U~-x  R 3~2 8 

The  ini t ial  condi t ions  of the second p r o b l e m  a r e  

(18) 

u ( z~ u' ( - - z ~  ' (z~ u"(--z~ "(z~ u'" ( z~ ''' (z~ (19) 

P r o b l e m s  (5), (18) and (17), (19) a r e  solved in the  range  f r o m  z ~ to 1 and f r o m - z  ~ to 1, r e s p e c t i v e l y .  

The  leas t  a c c u r a t e l y  p r e s c r i b e d  ini t ial  condi t ions  a r e  w" (z~ w m (z~ and u" ( -z~  u m ( -z~ Hence,  fo r  
m o r e  a c c u r a t e  ca lcu la t ions  at not v e r y  l a r g e  [R I these  condit ions should be made  m o r e  a c c u r a t e ,  which can  be 
done without de te rmin ing  the next t e r m  of the  inner  a sympto t i c  expans ion  (W4). 

If, f o r t h e  functions w" and u" outs ide  the boundary  l a y e r  f o r m e d  nea r  the inflow plane z = z ~ we in t roduce  
" and " it is obvious that  when a c c u r a t e  ini t ia l  condi t ions  a r e  used  we would have w~ = c 2 and the symbo l s  w~ u~,  

u~ = - c t ,  where  

1 1 
cj = Cio -r ~ -  cj2 + ~ cj3 + 0 (,~-~) (i - 1, 2). (20) 

Thus ,  if we se lec t  for  c o r r e c t i o n  of  the ini t ia l  condit ions a suf f ic ien t ly  l a r g e  value o fR  = R0, we can a s s u m e  
that  the c o r r e s p o n d i n g  c o r r e c t i o n  to w" (z ~ is 

c2 Cl--W:(Ro) u:(R0) 
Aw" (z ~ Ro) ~ 2 

To ca lcu la t e  the r i gh t -hand  s ide we use  the r e s u l t s  of  a c o m p u t e r  solut ion of Cauchy  p r o b l e m s  with ini t ial  c o n -  
di t ions de te rmined  a c c u r a t e l y  to the  t e r m s  wr i t t en  in (18) and (19). Coeff ic ients  c 1 and c 2 a r e  found a c c u r a t e  to 
the t e r m s  wr i t t en  in (20). The dependence  of the c o r r e s p o n d i n g  c o r r e c t i o n  on R is given by the a sympto t i c  equa-  
t ion  

A~"(z ~ R ) -  W'~(O)  (R-~/2) R + 0 . (21) 

Thus ,  a f t e r  de t e rmina t ion  of this c o r r e c t i o n  for  s o m e  value  of R =R  0 we can find We4(0) with c o r r e s p o n d i n g  
a c c u r a c y  

W~(0) --- Ro~w" (z ~ t7o) + O(R -~/2) 

and use  f o r m u l a  (21) to ca lcu la t e  the c o r r e c t i o n  for  d i f ferent  R and a fixed va lue  of  the  p a r a m e t e r  X- 
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Fig.  1. P ro f i l e s  of func-  
t i o n s - w ' ( z ) .  

To make  w m (z ~ m o r e  a c c u r a t e  we can use  a l inear  in te rpola t ion .  Fo r  this  pu rpose  a c o m p u t e r  is used 
to so lve  two Cauchy  p r o b l e m s  c o r r e s p o n d i n g  to Eq. (5) with ini t ial  condi t ions  (18) and the condi t ions  obtained 
f r o m  (18) by the in t roduc t ion  of  a sma l l  p e r t u r b a t i o n  5 of w ~ (z~ i .e . ,  r e p l a c e m e n t  of  this quant i ty  by the 
n u m b e r  w m (z ~ + 6. The va lues  of the second de r iva t ive  obtained in this c a s e  outs ide  the  boundary  l aye r  
we [w m (z~ and w ' ~ [ w  ~ (z ~ + 5] a r e  used to ca lcu la t e  the c o r r e c t i o n  to w ~ (z ~ 

A~'" (z ~ : A u ' "  ( - -  z ~ : :  ~, :  [~v'" (z ~ ~ 5] - ~ :  [ ~ ' "  (z~ 

The c o r r e c t i o n s  for  o the r  values  of  R (with) /  fixed) can  be obtained f r o m  the equat ion 

W4 (0) (22) 
A , , ~  ~ 0 

V ' #  

where  IF~" (0) -- ]flR0hav ' ' '  (z ~ R0) -~- 0 (R~ -1'2). 

The  p ro f i l e s  o f  funct ion w'(z)  (Fig.  1), which is p ropo r t i ona l  to the rad ia l  componen t  of the ve loc i ty  v,  
w e r e  plot ted f r o m  the  r e s u l t s  of  so lu t ion  of the c o r r e s p o n d i n g  Cauchy  p r o b l e m s  with the ini t ia l  condit ions c o r -  
r ec t ed  by the a s y m p t o t i c  equat ions  (21) and (22). Curves  1, 2, and 3 c o r r e s p o n d  to the r e g i m e s  R = - 5 0 ,  ~ =1;  
R = - 1 0 0 ,  )/=3/4; R = - 5 0 ,  )/=1/2. The ca lcu la ted  va lues  of w(-1)  and w(1) d i f fer  f r o m  - 1  and )~, r e s p e c t i v e l y ,  
by (1-2) " 10 -3. The devia t ion  of the ca lcu la ted  va lues  of  w~(+ 1) f r o m  0 is of the s a m e  o r d e r .  

It was a s s u m e d  above  that  the p a r a m e t e r  X c h a r a c t e r i z i n g  the a s y m m e t r y  of sub l imat ion  is on the o r d e r  
of 1. It is appa ren t  f r o m  the s t r u c t u r e  of  the ou te r  and inner  expansions  that  the plot ted a sympto t i c  cu rve  has 
a mean ing  if the condi t ions  IRe'l/2<< X<< IRI 1//2 a r e  sa t i s f ied .  

At the  s a m e  t ime ,  fo r  s e v e r a l  a r e a s  of m o d e r n  t echno logy  (subl imat ion  v a c u u m  drying)  a s tudy of  s i m i l a r  
p r o c e s s e s  involvh~g un i l a t e r a l  sub l imat ion ,  when )/= 0, is impor tan t .  The cons t ruc t i on  of  the a sympto t i c  f o r m s  
c o r r e s p o n d i n g  to l a rge  IRI in this c a s e  is ,  on one hand, a much m o r e  complex  p r o b l e m ,  than when )/~ 1 and, on 
the o ther  hand ( there  is no spec ia l  need for  th is) ,  when ~/=0 the ana lys i s  of all  the r e g i m e s  r e d u c e s  to con-  
s t r u c t i o n  of  a s i n g l e - p a r a m e t e r  fami ly  of solut ions  of  Eq. (5) sa t i s fy ing  the condi t ions  

~, (0) -- 1; w' (0) ~ 0; w (2) ~ 0; w' (2) = 0. 

The v a r i a b l e  p a r a m e t e r  is the n u m b e r  R conta ined in Eq. (5). This  bounda ry -va lue  p r o b l e m  is eas i ly  reduced  
to a Cauchy  p r o b l e m  for an equat ion not conta in ing  the p a r a m e t e r  

d 4 f  _ f d3__~[ (23) 
d z  ~ _ d z  a ' 

which was obtained by the in t roduc t ion  of  new v a r i a b l e s  ( s imi l a r  to those  p roposed  in [2]) z = ~(2--z) ,  w ( z )  = 

w ~ 2  - -  z / f l )  = -  af (z) ,  f~ = a R .  The  ini t ial  condi t ions  conta in ing  the va r i ab le  p a r a m e t e r  ~/have the f o r m  
\ f (0) = 0, ~' (0) = 0, [" (0) ~- 1, f " '  (0) ~- - -  7, (24) 

i .e . ,  f = f ( z ,  V), where  points on the  pos i t ive  s e m i - a x i s  0 < T < ~  c o r r e s p o n d  to the p a r a m e t e r  7 c h a r a c t e r i z i n g  
the spec i f i c  solut ion.  Fo r  each se l ec t ed  va lue  of % Eq. (23) is in tegra ted  in the l imi ts  f r o m  0 to z ~ where  z ~ is 
s e l ec t ed  f r o m  the condi t ion f ' (z  ~ = 0. It is obvious  that  z ~ 2fl and R =--fif(2fl) will  c o r r e s p o n d  to the obtained 
solut ion.  

Thus ,  taking s e v e r a l  va lues  of  p a r a m e t e r  ~ we can obtain a f a i r ly  comple te  r e p r e s e n t a t i o n  of flows of  
v a p o r  with un i l a t e ra l  sub l ima t ion  c h a r a c t e r i z e d  by R in the range  -r162 <R < 0. 
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N O T A T I O N  

r . ,  z , ,  cy l indr ica l  coordina tes ;  v . ,  w . ,  radia l  and t r a n s v e r s e  veloci ty  components ;  2h, ,  dis tance between 
d isks ;  j , ,  Jl*, r a tes  of subl imat ion of lower ( z = - l )  and upper ( z = l )  disks;  P , ,  p r e s s u r e ;  p , ,  densi ty;  ~ , ,  
dynamic v iscos i ty ;  Wik(i = 1, 2), t e r m s  of outer  asymptot ic  expansions (9) ; Cik(i = 1, 2), coeff icients  of (11) ; Wk, 
t e r m s  of inner asympto t ic  expansion (8); z ~ d imensionless  coordinate  of inflow plane;  z { ,  t e r m s  of expansion 
( 1 0 ) ;  R . . . .  i./,.I,u.~ R,=--],.h.l:~; Z=i,. l i . ;  ~.'=~-'.!*.i].~ ~,:,=w,~g,./].; r=r jh . ;  z=z./h.; P=P.p./]~. 
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R H E O L O G I C A L  P R O P E R T I E S  O F  H O M O G E N E O U S  

D I S P E R S E D  S U S P E N S I O N S .  S T E A D Y  F L O W S  

Y u .  A.  B u e v i c h  a n d  I .  N. S h c h e l c h k o v a  

F I N E  LY 

UDC 532.529.5:532.135 

Express ions  a re  obtained for the rheological  p a r a m e t e r s  (effective v i scos i ty ,  fo rce  of i n t e r -  
phase  interact ion,  etc.) of a modera te ly  concent ra ted  suspens ion of spher i ca l  pa r t i c l e s .  The 
equations of motion of the suspension and of its phases  a r e  writ ten.  

A si tuat ion when the cha r ac t e r i s t i c  spat ia l  sca le  of the ave rage  motion of a d i spersed  medium is fa r  
g r e a t e r  than its in ternal  s t ruc tu ra l  sca le ,  so that it is na tura l  to use the methods of the mechanics  of con-  
tinuous media  to desc r ibe  such motion, is v e r y  common in applicat ions.  Two fundamental  p rob l ems  a r i s e  in 
this case :  to obtain the conserva t ion  equations descr ib ing the ave rage  flow of the phases  of the medium and to 
formula te  the theological  equations closing them. In connection with the wide p reva lence  of d i spe r sed  media  
in var ious  fields of p r ac t i c a l ac t i v i t y ,  bo th these  p rob lems  have been d iscussed  in a ve ry  l a rge  number  of 
r epo r t s  using the mos t  var ied  theore t ica l  and exper imenta l  methods for media  of the most  var ied  types .  

For  s y s t e m s  consis t ing of a continuous phase  and d i sc re te  e lements  of a d i spersed  phase  dis t r ibuted in 
it, the f i r s t  p rob lem was fo rmal ly  solved in [1, 2] using the wel l -developed method of averag ing  of the local con-  
s ervat ion  equations,  wh ich a r e  valid within the m a t e r i a l s  of the phases ,  ove r  the ensemble  of poss ib le  conf igura -  
tions of par t i c les  of the d i spe r sed  phase.  (Bibl iographies  of r e s e a r c h  in this field a r e  also p resen ted  in the 
cited repor ts . )  The basic  method of solving the second main p rob lem was also indicated in [1, 2], but it was 
studied concre te ly  only for  s teady s t r e a m s  of a monodispersed  medium containing fine spher ica l  pa r t i c les  in 
the case  when the i r  volume concentra t ion is not too high, so that  in averaging  over  the ensemble  one can 
neglect  the nonoverlapping of the solid spheres  in the f i r s t  approximat ion.  In this case  the suspens ion was 
analyzed as a macroscop ic  homogeneous "one-ve loc i ty  n medium.* Analogous p rob l ems  for  the p roces s  of 
heat or  mass  exchange in a g ranu la r  medium were  cons idered  in [3]. 

*The resul ts  of [1, 2] a r e  presented  in Russ ian  in the following p rep r in t s :  Yu. A. Buevich and I. N. Shchel-  
chkova, "Continuous mechanics  of monodispersed  suspensions .  Conserva t ion  equations,"  and Yu. A. Buevieh, 
B. S. Endler ,  and I. N. Shchelchkova, "Continuous mechanics  of monodispersed  suspensions .  Rheological  equa-  
tions of s ta te ,"  P rep r in t  Nos. 72 and 85, Inst. Pr ik l .  Mekh. Akad. Nauk SSSR, Moscow (1976) and (1977). 
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